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Abstract 

We propose a new non-holographic formulation of AdS/CFT correspon¬ 
dence, according to which quantum gravity on AdS and its dual non-gravitational 
field theory both live in the same number D of dimensions. The field theory, 
however, appears {D — l)-dimensional because the interactions do not propa¬ 
gate in one of the dimensions. The D-dimensional action for the field theory 
can be identified with the sum over (D —l)-dimensional actions with all possible 
values A of the UV cutoff, so that the extra hidden dimension can be identified 
with A. Since there are no interactions in the extra dimension, most of the 
practical results of standard holographic AdS/CFT correspondence transcribe 
to non-holographic AdS/CFT without any changes. However, the implications 
on black-hole entropy change significantly. The maximal black-hole entropy 
now scales with volume, while the Bekenstein-Hawking entropy is interpreted 
as the minimal possible black-hole entropy. In this way, the non-holographic 
AdS/CFT correspondence offers a simple resolution of the black-hole informa¬ 
tion paradox, consistent with a recently proposed gravitational crystal. 


PACS Numbers: 11.25.Tq, 04.70.Dy 


1 Introduction 

1.1 Main ideas 

It is by now a well established fact that there is a close relationship between quantum 
gravity in D-dimensions and gauge theory without gravity in {D — l)-dimensions. 
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(See e.g. [H [21 |3] for the original formulation, |1] for an early review, [5] for very 
readable introductory lectures, and [6] for a comprehensive monograph.) However, it 
is one thing to claim that two theories are related, and another to claim that they 
are completely equivalent to each other. While the former is a well established fact, 
the latter is still an unproven conjecture. 

In this paper we present some arguments that the conjecture, as usually formu¬ 
lated, might not be completely correct. As a possible alternative, we propose that 
the usual formulation of the conjecture should be replaced with a modihed one, ac¬ 
cording to which the gravity theory in D dimensions is equivalent to a gauge theory 
without gravity which also lives in D dimensions. However, the gauge theory is not 
an ordinary gauge theory. It is a somewhat peculiar D-dimensional theory which, 
in many respects, looks like an ordinary gauge theory in {D — l)-dimensions. Even 
though this field theory lives in D dimensions, the interactions propagate only in 
{D — 1) dimensions. This makes one of the dimensions hidden, explaining why the 
usual {D — l)-dimensional view of the gauge theory works so well. 

Since the standard formulation of the conjecture claims that a D-dimensional 
theory is equivalent to a (D — l)-dimensional theory, and since it is best understood 
in the case when the gravitational D-dimensional theory is formulated on the AdS- 
background in which case the gauge theory is a conformal field theory, we refer to 
the standard duality conjecture as holographic AdS/CFT duality. By contrast, in 
our reformulation, the spacetime in which gauge theory lives can be visualized as a 
family of many (D — l)-dimensional layers which do not interact with each other, so 
we refer to it as onion AdS/CFT duality. The two different versions of AdS/CFT 
duality are depicted in Fig. [1] 

If the gauge theory looks (D — l)-dimensional because there are no interactions in 
the one extra dimension, then what is gained by the extra dimension? The answer is - 
entropy. Even though there are no interactions between different layers, all these lay¬ 
ers may contribute to the total entropy. Even though the contributions from different 
layers cannot be measured by a hypothetic CFT observer living at a single layer, the 
contributions from different layers are still there. Moreover, the contributions from 
different layers can be measured by the observer living in the dual theory, namely in 
AdS. The immediate consequence of this is that the measurable entropy in quantum 
gravity should scale with volume, rather than area. 

Of course, the general idea that a theory in D dimensions is dual to another 
theory in D dimensions, and consequently, that entropy should scale with volume 
in both theories, certainly does not sound very surprising. However, when one of 
the theories contains gravity, there seems to be a serious problem with such an idea. 
The entropy scaling with volume seems to be in contradiction with the Bekenstein- 
Hawking entropy 

‘S'bh = (1) 

which scales with the area A (expressed in natural units with unit Planck length). 
Several independent arguments strongly suggest that ([I]) is equal to the entropy of 
the black hole. Indeed, the Bekenstein-Hawking entropy of black holes is one of the 
main arguments for validity of the holographic version of AdS / CFT duality. So how 
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Figure 1: A lattice visualization of two different versions of AdS/CFT duality. The 
links represent the interactions between the degrees of freedom represented by the 
dots. The AdS theory on the left is supposed to be dual to the CFT theory on the 
right. The holographic CFT has one dimension less than the AdS, while the onion 
CFT has the same number of dimensions as AdS. Consequently, the onion CFT has 
more degrees of freedom than the holographic CFT. 


can non-holographic onion AdS/CFT duality be compatible with our knowledge on 
black hole entropy? 

Since the problem of black-hole entropy seems, at first look, to be the main prob¬ 
lem for our proposal of non-holographic AdS / CFT duality, we shall discuss this prob¬ 
lem first, in Sec. |2j We shall argue that the black-hole entropy ^bh satisfies the 
inequality 

‘S'bh > ‘S'bh, (2) 

where the equality is only valid initially, when the entropy contained in Hawking 
radiation can be neglected. 

The standard holographic form of AdS/CFT correspondence has been very suc¬ 
cessful in various applications, such as those in QCD HI El E], theory of fluids 
pTl [TT| [121 US], theory of superconductivity im jlSl [16], and entanglement entropy 
[HI [m [I9]. How can such a success of the holographic version of AdS/CFT corre¬ 
spondence be explained by the non-holographic version? Our answer is that these 
applications have not much to do with the full equivalence between the gauge theory 
and gravity. We make this point sharp in Sec. [3l where we point out that the GKPW 
relation EE], which is the best known and most important equation in AdS/CFT 
correspondence, is not an evidence for the conjecture that the bulk theory in AdS is 
completely equivalent to the CFT theory on the boundary. We support this claim by 
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deriving a generalized GKPW relation, valid for theories for which it is completely 
clear that they are not equivalent to each other. 

To familiarize with the idea of physical theories with an onion structure, in Sec. |4] 
we study some simple toy models with such a structure. Then in Sec. |5]we propose 
that the CFT theory (dual to quantum gravity in AdS) has onion structure with a 
hidden dimension identihed with the UV cutoff A. 

Finally, the conclusions are drawn in Sec. |6l 

1.2 Notes on terminology 

In the literature, the expressions “AdS/CFT correspondence” and “AdS/CFT dual¬ 
ity” are usually used as synonyms. We find it confusing, so we shall distinguish these 
two concepts in the following way. By “AdS/CFT correspondence” we shall merely 
mean the existence of a non-trivial relation between the two theories. By “AdS/CFT 
duality” we shall mean the full equivalence of the two theories. In this sense, the claim 
of AdS/CFT duality is much stronger than the claim of AdS/CFT correspondence. 

The AdS/CFT correspondence, or more generally the bulk/boundary correspon¬ 
dence, can be used in two different ways. One way to use it is to exploit the bulk 
theory to gain knowledge about the boundary theory. The other way is the opposite, 
to exploit the boundary theory to gain knowledge about the bulk theory. The theory 
one is really interested about in a given context will be referred to as target theory. 
The other theory, which is used to gain knowledge about the target theory, will be 
referred to as tool theory. In most applications of bulk/boundary correspondence, the 
target theory is a boundary theory, while the tool theory is a bulk theory. In the next 
section (Sec. Ej), however, our target theory will be the bulk theory. 

2 Black-hole entropy without holography 

It is widely believed that black-hole entropy Fbh is equal to 

‘S'bh = *S'bh, (3) 

where S'bh is the Bekenstein-Hawking entropy (II]). The three main arguments for this 
belief are 

1. Black-hole entropy in classical and semi-classical gravity. 

2. Black-hole entropy in string theory. 

3. Black-hole entropy according to AdS/CFT correspondence. 

Let us analyze each of these arguments separately. 
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2.1 Black-hole entropy in classical and semi-classical gravity 

The laws of classical black-hole evolution take a form analogous to the laws of thermo¬ 
dynamics 1201 El], with surface gravity at the horizon being analogous to temperature, 
and surface area being analogous to a quantity proportional to the entropy. Further 
insight comes from semi-classical gravity, where matter is quantized in a fixed grav¬ 
itational background of a classical black hole [22]. As originally shown by Hawking 
[23] . the black hole produces radiation with a thermal spectrum, at the temperature 
determined by the global black-hole properties such as mass, charge and angular mo¬ 
mentum. For instance, for the Schwarzschild black hole of mass M in 4 dimensions, 
the Hawking temperature turns out to be 


T 


1 

SttM 


(4) 


The temperature fixes the constant of proportionality between area and entropy, 
leading to the universal result 


Q semiclas 
^bh 


*S'bh, 


(5) 


independent on mass, charge, angular momentum, or number of dimensions. Since 
this is a semi-classical result, it should be trusted when the conditions for validity of 
semi-classical approximation are satisfied. In other words, (E|) should be the correct 
black-hole entropy when the effects of quantum gravity can be neglected. 

Naively, one might assnme that effects of quantum gravity can be neglected when¬ 
ever the black hole is macroscopic. However, snch an assnmption leads to a serious 
trouble known as the black-hole information paradox [24l ES] EE] EZ] EH] EH] ISO] E] [32l 
[33l IM] . The semi-classical calculation shows that Hawking radiation is in the mixed 
state, while the standard laws of quantum time evolution do not allow evolution from 
a pure to a mixed state (see however p5l [361 EZl EH] for alternative quantum laws 
of time evolution). The mixed nature of Hawking radiation strongly suggests that 
radiation must be correlated with some additional degrees of freedom, but then these 
additional degrees of freedom carry entanglement entropy eqnal to the entropy of 
radiation. The question is - where do these additional degrees live? 

If they live outside of the black hole, then the full black hole entropy can be 
equal to (|5|), but the problem is that it is not compatible with the semi-classical 
theory of Hawking radiation. Namely, the semi-classical theory predicts that ontside 
Hawking radiation is entangled with negative-energy quanta which enter the black- 
hole interior. In this sense the semi-cIassical theory of Hawking radiation predicts 
that the additional degrees live inside the black hole, in contradiction with the semi- 
classical relation ([5|). In any case, the semi-classical theory cannot be self-consistent 
even for macroscopic black holes. One way or another, the effects of quantum gravity 
must be significant even when the black hole is large. 

How can qnantnm effects be significant at the macroscopic scale? As emphasized 
in [32], there is actually nothing nnusual about that. This is especially true if the 
quantum effects do not involve quantnm coherence of a large nnmber of degrees of 
freedom. For instance, the existence of an ordinary crystal is a well known example of 
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a macroscopic quantum object, which was used in [39] to propose that the additional 
black-hole degrees of freedom might be the degrees of a gravitational crystal. The 
entropy of a crystal naturally scales with volume, not unlike the entropy of the lattice 
in the lower-left corner in Fig. [H In such a scenario, the hnal state of Hawking 
radiation is a large remnant with a mass and size much above the Planck scale [39] . 

To conclude, if ([5]) is the full black-hole entropy of the initial state before the start 
of Hawking radiation, the requirement that the semi-classical process of Hawking 
radiation should be unitary suggests that ([5]) should be improved by the inequality 

‘S'bh > ‘S'bh, (6) 

where the equality is only valid in the initial state. The inequality ([6]) violates the 
Bekenstein bound, which we discuss in more detail in Sec. 12.41 

2.2 Black-hole entropy in string theory 

Unlike semi-classical gravity, the string theory is a fully quantum gravity theory. One 
of the greatest successes of string theory is the discovery [lOl HU US] of fully quantum 
black-hole states with entropy equal to 

*3bh - *^BH- 10 

At hrst sight, it seems to be in contradiction with ([6]), which allows black-hole entropy 
to be even larger than Sbh- 

Nevertheless, there is no contradiction! The entropy on the left-hand side of ([T]) 
is entropy of a specific state (typically a certain highly symmetrical conhguration of 
branes) with given values of mass, charge and angular momentum. If we denote this 
specihc state by then Eq. ([7]) can be written more correctly as 

‘S'bh = *S'bh[s*'°^] = ‘S'bh- (8) 

The explicit identihcation of this state in string theory does not imply that there is 
no another state with the same values of mass, charge and angular momentum, 
and yet with an even larger entropy Moreover, there may exist a whole 

family of states with entropies 

s£> > (9) 

As far as we are aware such higher entropy states have not yet been found in string 
theory, but there is no proof that they do not exist. Our non-holographic AdS/CFT 
correspondence makes a non-trivial prediction that such states should exist in the 
full theory of quantum gravity, so it would be interesting to search for such states 
in non-perturbative string theory or M-theory. The explicit search for such states 
is, however, beyond the scope of the present paper, so we leave it for the future 
investigations. Let us only note that, perhaps, such states could be related to the 
monster states studied in [43] . 
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Our prediction of higher-entropy states has interesting implications on black-hole 
thermodynamics. The entropy of a statistical state with given values of conserved 
quantities such as mass, charge and angular momentum is maximal in the thermal 
equilibrium. This implies that black hole with the Bekenstein-Hawking entropy (IH]) 
is not in the thermal equilibrium. Yet, such a black hole has a temperature, given 
e.g. by dl]). How can a black hole have temperature without being in the thermal 
equilibrium? 

The answer is in fact very simple. The mentioned temperature is the temperature 
of Hawking radiation, and Hawking radiation is produced at the horizon. This implies 
that the mentioned temperature is the temperature of the horizon. However, a black 
hole in thermal equilibrium must have the same temperature everywhere within the 
black hole, not only at its boundary at the horizon. This strongly suggests that the 
lowest possible entropy in ([8]) is really the entropy of the horizon (which explains why 
it is proportional to the horizon area), while the interior degrees of freedom carry no 
entropy in the state satisfying ([S]). For the same reason the interior degrees of freedom 
do not have temperature (or have zero temperature T = 0), implying that the black 
hole interior is not in thermal equilibrium with its boundary at finite temperature. 

A state out of thermal equilibrium tends to evolve towards the full thermal equi¬ 
librium. How such a thermalization takes place within the black hole? A full answer 
would require a full theory of quantum gravity, but a partial answer is already given 
by the semi-classical theory. The Hawking radiation is produced in pairs [23], with 
one member of the pair going outside, and another member traveling to the black-hole 
interior. In this way, the black-hole horizon at temperature T thermalizes not only 
with the black-hole exterior, but also with the black-hole interior. This process of 
thermalization activates the internal degrees of freedom inside the black hole, which 
increases the total entropy of the black hole in agreement with (jSj). 

2.3 Black-hole entropy according to AdS/CFT duality 

Since CFT is clearly a unitary theory, the AdS/CFT duality predicts that quantum 
gravity is also a unitary theory. But we need to distinguish the prediction of the usual 
holographic AdS/CFT duality from those of our non-holographic AdS/CFT duality. 

Unfortunately, as discussed in [H], the holographic version of the duality, by itself, 
does not say how exactly the unitarity realizes in the case of Hawking radiation and 
what exactly is wrong with the semi-classical scenario which predicts the violation of 
unitarity. 

Can the non-holographic version of AdS/CFT duality do better? Yes! Unlike 
the holographic version, the non-holographic version is perfectly consistent with (j6|l. 
and consequently with the scenario described in Sec. 12.21 So let us continue with the 
description that we interrupted at the end of Sec. 12.21 

The process of thermalization of the black-hole interior is finished when all the inte¬ 
rior degrees of freedom are thermalized. According to our non-holographic AdS/CFT 
duality the number of interior degrees of freedom scales with volume V, so the corre- 
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spending maximal black hole entropy is expected to be of the order 

~ ( 10 ) 

For instance, for a large black hole with radius i? in D = 4 spacetime dimensions we 
have ~ R^, which is much larger than the corresponding Bekenstein-Hawking 

entropy Sbr R^. 

What happens with the black hole when it reaches this maximal possible entropy? 
The gravitational-crystal model |39] suggests that at that point classical general rel¬ 
ativity ceases to be a good approximation at the boundary of the hole. In fact, it 
is even misleading to call it a “black hole” because the boundary cannot longer be 
interpreted as a classical horizon. At this point the production of further radiation 
at the boundary either stops or becomes more like radiation produced by an ordi¬ 
nary non-gravitational object at finite temperature. In either case, the existence of 
such a macroscopic remnant with entropy of the order of (fTOj) resolves the black-hole 
information paradox. 

2.4 What is wrong with the Bekenstein bound? 

According to the strong version of the Bekenstein bound 146] (see however m 
for weaker versions), the entropy of a region bounded by the area A cannot be larger 
than the Bekenstein-Hawking entropy ([T]). The inequality ([6]) clearly violates the 
Bekenstein bound. If (E]) is correct, then what exactly is wrong with the Bekenstein 
bound? 

First, the derivation of the Bekenstein bound is based on the assumption [16] 
that the black-hole entropy is equal to the Bekenstein-Hawking entropy. If that 
assumption can be violated (as we argued to be the case), then the logic used to 
derive the Bekenstein bound cannot longer be applied. Second, the derivation of the 
Bekenstein bound contains a tacit assumption that matter (which contains entropy 
and enters the region bounded by A) carries positive energy. That assumption is 
clearly violated by Hawking radiation, because Hawking radiation is associated with 
negative energy entering the black hole |22] . 

Indeed, suppose that the black-hole entropy is equal to the Bekenstein-Hawking 
entropy at some initial time to- Then, according to the semi-classical theory, even 
the creation of a single Hawking pair at t > to will necessarily violate the Bekenstein 
bound. This, in fact, will happen for two reasons. First, because the entropy of the 
interior will increase due to absorption of one member of the entangled Hawking pair. 
Second, because the area of the black hole will decrease due to absorption of negative 
energy. 

Thus we see that the Bekenstein bound is very difficult to reconcile with the 
existence of Hawking radiation. To resolve the information paradox associated with 
the existence of Hawking radiation, abandoning the strong version of the Bekenstein 
bound looks like a very natural way out. But note that a weaker version of the 
Bekenstein bound, valid only in processes which do not involve absorption of negative 
energy, is still consistent with our findings. 


2.5 Conclusion 


In this section we have shown that non-holographic AdS/CFT duality is compatible 
with current knowledge about black-hole entropy. Moreover, when dealing with the 
black-hole information paradox, our arguments suggest that the non-holographic ver¬ 
sion works much better than the usual holographic one. This motivates us to further 
explore arguments for validity of the non-holographic version of AdS/CFT duality, 
which is the subject of the rest of the paper. 


3 The GKPW relation and its generalization 

3.1 The ordinary GKPW relation 

Probably the most important and best known equation of AdS/CFT correspondence, 
or more generally bulk/boundary correspondence, is the GKPW relation [21 [3] 

^hulk\^ bound -Abound ['ll • (H) 

Here Zbuik is the partition function of quantum gravity in the bulk, which (in the 
real-time version) can be written in a slightly more explicit form as 

^buik = / (12) 


where Abuik[‘f*] is the action of quantum gravity expressed as a functional of generic 
fields <F. The notation .^buik ["f* bound = J] denotes that the boundary fields Abound are 
not integrated out in flT2|) . but are fixed to some arbitrary values J. The right-hand 
side of flTT]) is the generating functional for the boundary theory, which can be written 
in a more explicit form as 

Abound [J] = J (13) 

where Abound[0] = / d^~^x C[(j){x)] is the action of boundary theory expressed as a 
functional of generic fields 0. The fields 0{x) are either the fundamental boundary 
fields 0(x) themselves, or some composite fields constructed from (j){x). The gener¬ 
ating functional can be used to calculate the correlation functions in the boundary 
theory. The full correlation functions are given by 


((P(xi)---C(xfc)) 


1 Zt,ound[J] 
5J{xi) ■ ■ ■6J{xk) 


J=0 


but physically more relevant are their connected parts 


{0{x^)---0{xk)) connect 


1 <^"W'bound[J] 
6J{xi) ■ ■ ■ SJ{xk) 


J=0 


(14) 


(15) 


where 2'bound[</] = 
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Eq. ([TT]) is particularly useful in the regime in which the quantum theory on the 
left-hand side can be approximated by the corresponding classical theory. In this case 
only the classical held conhgurations have a signihcant contribution to the integral in 
(HZD, SO, up to an irrelevant normalization factor, flTTll can be approximated by 


g^^bulk[^] 


^bound — 


-abound 


IJ], 


(16) 


The normalization factor is irrelevant because it does not contribute to fflSj) . 

Note that equation ffT6|) relates a classical theory on the left to a quantum theory 
on the right. In general, it is very difficult to calculate the quantum functional integral 
in ffT5]l . while it is usually much simpler to calculate the classical on-shell action on 
the left-hand side of flTB]) . This is why Eq. flTB]) is very useful for practical calculations 
when the target theory (the theory one is really interested about) is the boundary 
theory. Indeed, most practical applications of the bulk/boundary correspondence are 
applications to a non-gravitational target theory on the boundary, including QCD 
[ZllHllH], theory of fluids [101 HH [12l HI], and theory of superconductivity [Ml fT^ ITO]. 
On the other hand, Eqs. flTOll and flTTl) have not been so much useful to gain a new 
knowledge about the bulk theory. 

After this brief overview of well known stuff about the GKPW relation, now we 
come to the point. The two most important equations of AdS/CFT correspondence, 
namely Eq. flTT]) and its approximative form ffT6|) . are not expressions of AdS/CFT 
duality! Namely, even though these expressions establish a relation between the two 
theories, we claim that the validity of these expressions is not an evidence that the 
bulk theory is fully equivalent to the boundary theory. 

To demonstrate that validity of flTT|) . by itself, is not an evidence of duality, our 
strategy is to show that an equation of the form similar to (fTTj) may be valid for 
another two theories, for which it is totally clear that they are not equivalent to 
each other. In fact, to make the demonstration more powerful, we shall show that an 
equation similar to flTTl) is valid for any quantum system on the left-hand side (playing 
the role of a “bulk”) and its restriction to its arbitrary subsystem on the right-hand 
side (playing the role of a “boundary”). Such a generalized GKPW relation is the 
subject of the next subsection. 


3.2 Generalized GKPW relation 

Quite generally speaking, it should not be too surprising that information about the 
boundary can be encoded in a bulk theory. After all, the boundary is a part of the 
bulk, so everything what is present at the boundary (and possibly much more) should 
also be present in the bulk. Or more generally, all information about a subsystem 
(and possibly much more) should also be encoded in the whole system. 

Gonsider an arbitrary physical system with canonical conhguration variables 

Q = {Qii ■ ■ ■■, Qn}- (17) 

For simplicity we work with a finite number N of degrees of freedom, but our results 
can also be generalized to systems with infinite number of degrees of freedom. Let us 
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make an arbitrary split of the system into two snbsystems 

Q = {b,B), (18) 

where 

b = {Qi, ■ ■ ■ ,Qn}, B = {Qn+i,... (19) 

and n < N. The Q-system will play a role of a “bnlk”, the 6-snbsystem will play a 
role of a “bonndary”, and the S-snbsystem will correspond to all the “bnlk” variables 
which are not present in the “bonndary” snbsystem. 

Now assnme that the action 


A[Q]=A[h,B] (20) 

is given. We shall not write down the action explicitly becanse we are making a 
general analysis, meaning that the action can be arbitrary. The qnantnm partition 
fnnction associated with this action is 

Z = j ^ I I (21) 

Formally we can write VQ = Y{tY{f=idQj{t)^ and similarly for Vh and VB. The 
partition fnnction fl^ is analogons to flT^ . Likewise, we can introdnce the qnantity 

Z[h] = j VB (22) 

which is analogons to the left-hand side of flTTl) . 

Now let ns introdnce the Fonrier transform Z[ip\ of Z\b]. It is given by 

Z[lp\ = j V'b Z[b\e-^^^, (23) 

where 

P n 

bip = jdtY,bj{t)ipj{t), (24) 

i=i 

and the prime reminds ns that the measnre Vb = Y{t]Xj=idbj{t)/{2 tt) contains the 
appropriate 27r-factors. The inverse Fonrier transform is then 

Z[b] = j Vif Z[ip\B'^^. (25) 

This can be written as 

Z[b] = y Pv? (26) 

where A[ip\ is defined by the relation 

Z[(^] = (27) 
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Eq. fl26|) is analogous to (IT^ . If we interpret A[^p\ as the action for the conhguration 
variables tp = {(pi,..., pn}, then (|26|) is the generating functional for the correspond¬ 
ing correlation functions. For instance, we have 


{piiti) ■ --pkitk)) 


1 6'^Z[b] 

6bi{ti) ■ ■ ■ 6bk{tk) 


(28) 


which is analogous to flT^ . Finally, from fl2^ and fl2^ we see that we can write 


J VB 



i{A[(p]+b<p) 


(29) 


Eq. fl29|) is analogous to the GKPW relation (ITT]) . Since we derived (1291) under very 
general assumptions, we refer to fl2^ as generalized GKPW relation. In particular, 
Eq. fl2^ relates a theory with N degrees of freedom on the left to a theory with n < N 
degrees of freedom on the right. Since the theory on the left-hand side of fl29l) can 
be any theory with N degrees of freedom, and since the subsystem on the right-hand 
side of fl29l) can be an arbitrary subsystem with an arbitrary number n < N degrees 
of freedom, it is clear that, in general, the theories defined by the actions A[Q] and 
A[p\ are not equivalent. Even though A[Q] and A[p\ are closely related, A[p\ is not 
dual to A[Q]. 


3.3 Discussion 

The moral of the analysis above is the following: Since, in general, the generalized 
GKPW relation (|29ll does not indicate an equivalence between two theories, we should 
not take the ordinary GKPW relation HU) as evidence for the equivalence between the 
bulk theory and the corresponding boundary theory. Using the terminology of Sec. 11.21 
Eq. (ITT]) certainly expresses a kind of bulk/boundary correspondence, but it does not 
express a bulk/boundary duality. 

It does not, however, mean that the content of the ordinary GKPW relation (1111) 
is trivial. In general, the action A[p\ dehned by (1271) can be very complicated, even 
when it originates from a relatively simple action A[Q] in (l20l) . The action for an 
open subsystem can be much more complicated than the action for the whole closed 
system, especially if the subsystem is not chosen in a particularly clever way. On the 
other hand, the ordinary GKPW relation (ITT]) claims that the boundary theory is a 
very nice local held theory, like a gauge theory with conformal invariance. Such a 
nice local held theory may be of interest in its own right as a target theory, which is 
the reason why the ordinary GKPW relation (ITTD is typically much more useful than 
the generalized GKPW relation (|2^ . 


4 Toy models with onion structure 

In Sec. 11.11 we introduced the idea that a H-dimensional system with interactions 
propagating in D dimensions can be dual to an onion system, i.e. a H-dimensional 
system with interactions propagating in {D — 1) dimensions (see Fig. [T|). In this 
section we describe some simple explicit examples of systems with such a structure. 
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4.1 Onion with two degrees of freedom 

The simplest system with an onion-like strnctnre has two degrees of freedom. For 
instance, consider the Lagrangian 

T2 , ,2 

L = ^ + (30) 

describing the dynamics of two configuration variables Xi and X 2 coupled via the 
harmonic potential proportional to {Xi — X 2 Y. Since the two degrees of freedom are 
coupled we can depict such a system as which looks like a piece of lattice on the 
left-hand side of Fig. [H 

Now let us describe the same system with the new configuration variables 

Fi=Xi-X2, = (31) 

In these new variables, the Lagrangian (130|) takes the decoupled form 

lX1 + y,]- yif, (32) 

Since now there is no coupling between the two degrees of freedom we can depict it 
as • which looks like a piece of onion on the right-hand side of Fig. [T] 

Since there is no coupling between Yi and 1^2, these two degrees of freedom evolve 
independently and one degree of freedom cannot “know” about the existence of the 
other. From the point of view of any of them, the system looks as if there was only 
one degree of freedom. Yet, the true number of degrees of freedom is two, and they 
can “know” about each other in the dual picture described by Xi and X 2 . 

The moral of this simple example is that a system in which different degrees of 
freedom interact with each other may be dual to a decoupled system in which different 
degrees of freedom do not interact with each other. In our case, • is dual to • •. 

The example above can also be generalized to a larger discrete system with a full 
lattice/onion structure as in the lower half of Fig. [TJ However, we shall not pursue 
this explicitly. Instead, in the next example we shall study a continuous system. 

4.2 Unparticle onion 

Unparticle field theory is a peculiar scale invariant field theory, the manifestation 
of which, under certain conditions, may look like a non-integer number of invisible 
particles [H]. Such a field theory is characterized by a continuous spectrum of mass 
gniisniEiiEg. The relation between unparticles and AdS/CFT correspondence has 
been studied in |l9l [53], but here we shall study a simpler case of flat Minkowski 
geometry. 

Consider the scale invariant action 

A = d^xr]^'"d^(j)dy(j), (33) 
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where r]^'^ is the Minkowski metric with the signature (—h ++). It describes the 
dynamics of the field 


(j){x) = x^, x^, x^) = (j){x^^\z), (34) 

where x^^^ = {x^,x^,x‘^}, x^ = z. The action fl3^ is usually called “free”, but such a 
name is misleading because the terms proportional to —for i = 1, 2, 3 are really 
interactions between the neighboring points in the 3-dimensional space. For instance, 
by writing 

^ 4>{z + d.) - ,Hz) ^ 

dz 

one recognizes that —{dz4>)‘^ is essentially a continuous version of the harmonic inter¬ 
action in (1301) . 

Now let us introduce the partial Fourier transform 

^{x^^\kz) = j dz <p{x^^\ z) . (36) 

The held (p{x^^\ k^) is dual to z); these two helds encode the same information 

about the system. Indeed, the Fourier transform can be inverted as 



The reality condition 0 = 0* implies 

-kz) = 0*(x(^), kz). (38) 


Now the idea is to express the action (l33il as a functional of the dual held 0. By 
inserting (|3711 into (|3^ and recognizing certain integrals as 5-functions, we obtain 


A = - 


dkz 1 

^2 


g^3^(3) —kz) db^{x^^\ kz) + k‘l^{x^^\ —kz)^{x^^\ kz 


where a, 6 = 0,1, 2. Using fl55]l . this can be written as 
dkz 1 


(39) 


A = - 


1-00 27r 2 


^3^(3) Z;;^) db^{x^^\ kz) + kl^*{x^^\ kz)(f>{x^^\ kz 


(40) 

where we have explicitly written the range of integration over dkz- Finally, we can 
introduce a new integration variable m = \kz\ and dehne 


1 0_(x(^0m) for kz<^. 


(41) 


This allows us to write fITOl) as 


A = 


r°° dm 
Jo 271 


[A+{m) + A_{m)], 


(42) 
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where 


A±{m) = 


1 

2 




ri°''^da4>*j.{xA\m) db4>±{x^^\m) + m‘^(j)*^{x^^\rn)(j)±{x''^\m) 


.( 3 ) 


( 3 ) 


.( 3 ) 


(43) 

The actions A^{m) and A-{m) in (1T3|1 can be recognized as 3-dimensional actions 
for a massive held with mass m. These actions are not scale invariant. But we have 
started from a scale invariant action ([33]), so the action written in terms of the dual 
helds should also be scale invariant. This, indeed, is true because the full action flT2D 
involves the integration over all possible values of m, so is scale invariant. The scale 
invariant held theory which involves the integration over all possible masses can be 
recognized as unparticle held theory [IHl EH] EB E2]- 

Now we can see the onion structure of the action fl42l) - flT3l) . The action is 4- 
dimensional because it involves the integration over 4 coordinates 
and m. The helds depend on all 4 coordinates. However, the action does not involve 
derivatives d(j)±/dm. It only involves derivatives d(f)±/dx°‘ for a = 0,1, 2. This means 
that the held interactions propagate only in 3 dimensions. An observer made of helds 
with a hxed value of m can never detect the existence of helds with other masses. In 
this sense the dynamics may look 3-dimensional, despite the fact that there are really 
4 dimensions. This is how one dimension may become hidden in the dual theory, 
despite the fact that in the original theory fl33p all dimensions are clearly present. 


5 The hidden dimension in AdS/CFT 


Now we are hnally ready to identify the hidden dimension on the CFT side of 
AdS/CFT correspondence. Consider the D-dimensional AdS metric 

ds^ = — [iq^ydx^dx'' + dz^], (44) 

with the boundary at ^ = 0 where the {D — l)-dimensional CFT theory is supposed 
to live. To avoid the divergence of the metric at the boundary, one can consider the 
theory with a boundary at a small but non-zero z = e. This IR cutoff in the AdS 
spacetime corresponds to a CFT theory with the UV cutoff A oc e~^ [SllESlES]. Thus, 
in principle, each value of the AdS coordinate z can be associated with a different 
CFT theory specihed by a different value of the UV cutoff A. So instead of one action 
Acft at z = 0, we have a continuum of different actions Acft(A) at 


2 ; oc 


A' 


(45) 


In the standard holographic interpretation of this, the parameter A is viewed 
merely as a regulator. Different degrees of freedom are localized at different values 
of X = {x^,... ,x'^“^}, but different values of A do not correspond to different local 
degrees of freedom. The change of A is associated with the renormalization-group 
flow, which can be related to the change of energy of given degrees of freedom. 
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The renormalization-group flow in the CFT theory can be related to the depen¬ 
dence on 2 ; in the bulk theory on AdS (STJ [58l [59] . However, the idea that different 
values of 2 do not correspond to different degrees of freedom looks somewhat peculiar 
from the bulk point of view. At the very least, it implies that the quantum theory of 
gravity in the bulk is not a local theory. While it is certainly an interesting possibil¬ 
ity in a full accordance with the holographic interpretation of AdS/CFT duality, we 
believe that it is not the only logical possibility. We explore another possibility, the 
possibility of a non-holographic interpretation. 

According to the non-holographic interpretation of AdS/CFT duality, the theory 
in the AdS bulk is a local theory, at least at distances much larger than the Planck 
length. Different values of both x and z correspond to different degrees of freedom. 
But we have already seen that different values of z correspond to different values of 
the cutoff A in the CFT theory, so we see that different values of A should correspond 
to different degrees of freedom in the CFT theory. In other words, the non-holographic 
version of AdS/CFT duality is a conjecture that quantum theory of gravity in AdS is 
dual to the CFT in which different values of x and A correspond to different degrees 
of freedom. 

Let us make it more precise. Let the CFT theory on the boundary at 2 ; = 0 be a 
renormalizable gauge theory with the action of the form 

Agimge[/ig] ~ J ^ ^ ^giiuge{/{x), d^(f>{x), g), (46) 

where 4>{x) and g are generic fields and coupling constants, respectively. By introduc¬ 
ing a Wilsonian cutoff A and making the appropriate renormalization (see e.g. [60]), 
one obtains an action with A-dependent quantities 

^gauge[0(A),fi'(A)] = J d^~^xCg^^ge{(f>(,x,A),d^(j){x,A),g{A)). (47) 

For instance, /{x, A) can be represented by a Fourier integral of the form 

Hx,A)^ / (48) 

where A is the UV cutoff in the momentum space. 

Eq. (iT7|) is the standard gauge theory expressed in terms of A-dependent quan¬ 
tities, where different values of A do not correspond to different degrees of freedom. 
It is the gauge theory that appears in the standard holographic AdS/CFT duality. 
However, in the non-holographic version different values of A correspond to different 
degrees of freedom. This means that the full action is not fiT7|) . but a continuous sum 
of all such actions 

poo 

4“^ = / dAh(A)A,..,„[4,(A),g(A)]. (49) 

Here h{A) is a measure which depends on A explicitly, but does not depend on 0(A) 
and g{A). The action (14^ has the same symmetries as the action (i47|) . but has one 
dimension more corresponding to A. 
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The extra dimension parameterized by A is very different from other dimensions 
parameterized by x^. As a consequence, the D-dimensional Lorentz group is not a 
symmetry of (j49]). This absence of D-dimensional Lorentz symmetry is a way out 
of the Weinberg-Witten theorem ISD, the theorem which otherwise would prevent a 
D-dimensional Lorentz-invariant gauge theory to be equivalent to a D-dimensional 
gravity theory. 

The measure h{A) can be determined from the requirement that the action should 
be dual to the local action in AdS. The full measure in AdS is proportional to 

d^x^/\g^\ = d^~^x^J\g(^-^^ ■ dz./^. (50) 

The measure dAh{A) should be dual to the measure dz^/^, so we have 

dzy/^ = dz— (X (51) 

z A 

where we used fH5l) . This implies h(A) oc A“^, so can be written as 

POO rj K 

A“** = /o ^4..«=WA).S(A)]- (52) 

where c is a constant. The action (IT7D is dimensionless and the full action fl5^ must 
also be dimensionless, so the constant c is dimensionless. Hence the full action fl52|) 
is determined up to an dimensionless multiplicative constant c. 

The full action fl5^ is very much analogous to the unparticle action fH2ll . The in¬ 
tegration over dA is analogous to the integration over dm, the dimensionless constant 
c is analogous to the dimensionless constant 27r, and the “ordinary” action flT7)) with 
A-dependent terms is analogous to the “ordinary” action flT3l) with an m-dependent 
term. 

Similarly to (02]), we also see the onion structure in the action (l52ll . The action 
(15^ depends on d(j)/dx^ (see (0711 ). but it does not depend on d(f)/dA. Therefore the 
interactions propagate in x^-directions but not in the A-direction, which makes the 
A-dimension hidden. In this way the theory looks (D — l)-dimensional, despite the 
fact that the full action lives in D dimensions. That can explain why the standard 
holographic AdS/CFT correspondence works so well in many practical cases, even if 
the full AdS/CFT duality is not fundamentally holographic. Thus it seems justihed 
to conjecture that D-dimensional quantum gravity on AdS might be equivalent to 
the D-dimensional action fl5^ rather than the (D — l)-dimensional action (06|1 . 

6 Conclusions 

The standard holographic formulation of AdS/CFT duality can explain why the black- 
hole entropy is equal to the Bekenstein-Hawking entropy, which is one of the main 
motivations for proposing such holographic AdS/CFT duality in the first place. How¬ 
ever, the holographic AdS/CFT duality is not so successful in resolving the black-hole 
information paradox. In this paper we have argued that black-hole information para¬ 
dox is much easier to resolve if AdS/CFT duality is modihed by a non-holographic 
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version, in which maximal possible black hole entropy scales with volume rather than 
area. If the non-holographic version is right, then Bekenstein-Hawking entropy can 
be naturally reinterpreted as the minimal possible entropy of the black hole, relevant 
when the entropy of Hawking radiation can be neglected. 

The non-holographic version of AdS/CFT duality is a conjecture that quantum 
gravity on AdS and its dual CFT both live in the same number of dimensions. We 
have pointed out that it is compatible with the GKPW relation because, even though 
this relation expresses a relation between theories in different numbers of dimensions, 
it does not express a duality between them. We have supported it by deriving a 
generalized GKPW relation, which is valid for theories which are clearly not dual to 
each other. 

To explain the success of the standard holographic AdS/GFT correspondence we 
have argued that one of the dimensions in the dual GFT theory is hidden by the 
onion structure of the action, due to which the interactions do not propagate along 
that dimension. We have identihed this extra dimension to be the UV cutoff A in the 
GFT theory. 

We believe that our results make the non-holographic version of AdS/GFT duality 
a viable alternative to the standard holographic version. Of course, there is still no full 
proof that either of the versions is completely correct, so further research is certainly 
needed. 
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